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Abstract— This paper deals with the problem of modeling 
and controlling the electric power stage of hybrid electric 
vehicle. The controlled system consists of a fuel cell (FC) as a 
main source, a supercapacitor as an auxiliary source, two DC-
DC power converters, an inverter and a traction induction 
motor. The proposed strategy involves a multi-loop nonlinear 
controller designed to meet the three main control objectives: (i) 
a tight speed regulation in spite of torque load variations. (ii) a 
good regulation of the DC link voltage; and (iii)  a perfect 
tracking of SC current to its reference.  While a Lyapunov 
based approach is used to control the DC/DC power converters 
associated with the DC sources, the backstepping technique 
combined with the field oriented control strategy are invoked in 
order to control the induction motor. It is formally shown, using 
a theoretical analysis and simulation results, that the proposed 
controller meets all the objectives. 
I. INTRODUCTION 
It is widely accepted that the conventional oil production 
will used up within 20 years (the natural gas production will 
used up 10–20 years later), while world energy consumption 
continues to grow at 2% per annum [1], among alternatives is 
fuel cell fed by hydrogen . Owing to the energy supply 
problem and environmental problems Proton-exchange-
membrane (PEM) fuel cell vehicles have become a major 
topic of interest in academia and in the automotive industry. 
A fuel cell system (FCS) has a relatively low power rate as a 
power source. Moreover, it cannot recover the braking 
energy. As a result, an FCS alone is not the best solution for 
the performance of a vehicle; therefore an auxiliary power 
source is needed [2]. The energy storage system (ESS) can be 
implemented with either a supercapacitor bank or a 
rechargeable battery, this work considers the supercapacitor -
based ESS.  
The major advantage of this technology is that the power-
capacity rating of the fuel-cell system is required to meet the 
average demand only, rather than the peak demand. This 
makes the fuel cell hybrid system FCHPS more energy 
efficient than using the fuel cell alone in powering the 
vehicle. Secondly, rapid load variations may induce oxygen 
starvation and thereby cause permanent damage to the 
proton-exchange membranes of the fuel cell. In contrast, the 
supercapacitor exhibits superior performance in providing 
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peak power, despite its significantly low energy density. 
Combining an FCS and a supercapacitor bank can provide 
power system with both high power and energy densities. 
Thirdly, the FCS generates electric power directly from 
hydrogen, but a reverse power flow is impossible; the 
supercapacitor bank therefore provides a reservoir for the 
regenerative use of electricity [3]. Cell technology 
demonstrates its high potential in terms of efficiency 
especially for application in passenger cars, even if many 
progresses are required for reducing costs and improving 
reliability in dynamic conditions.  
In the other hand, induction motors are suitable for automotive 
application by their interesting power/mass ratio, relatively low 
cost and simple maintenance. One of the most popular control 
strategies of the induction motor is the field-oriented control. 
Many works have studied the control of isolated FC-SC DC 
sources [4], [12] whereas numerous researchers have 
analyzed control strategies for the association inverter-
induction motor [5], [6], [13]-[15].   
 In the present work, we will develop a new control strategy that 
simultaneously accounts for all system components i.e. the fuel 
cell source, the supercapacitor, two DC-DC power converters an 
inverter and a traction motor. The proposed strategy involves a 
multi-loop nonlinear controller designed to meet the three 
main control objectives: (i) a tight speed regulation in spite 
of torque load variations. (ii) a good regulation of the DC 
link voltage; and (iii)  a perfect tracking of SC current to its 
reference.  While a Lyapunov based approach is used to 
control the DC/DC power converters associated with the DC 
sources, the backstepping technique combined with the field 
oriented control strategy are invoked in order to control the 
induction motor. It will be formally proven that the proposed 
multi-loop nonlinear controller actually stabilizes the 
controlled system and meets its tracking objectives.   
The paper is organized as follows: in section II, the system 
studied is presented and modeled, it given a state space 
representation. In section III, a controller is designed for the 
whole system and the closed loop system error is analyzed. In 
section IV, the controller performances are illustrated through 
numerical simulations. A conclusion and reference list end the 
paper. 
II. SYSTEM PRESENTATION AND MODELING 
A. System presentation 
Figure 1 shows the studied power stage of hybrid electric 
vehicle (HEV). It includes a hybrid electric storage source 
which consists of 12.5 KW PEMFC used as the main source 
and a supercapacitor as auxiliary power source; a boost dc-dc 
power converter that interfaces the fuel cell with the DC bus; 
buck-boost converter to interface the supercapacitor in order 
to store braking energies or to generate peak power during 
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acceleration; a dc-ac inverter that feds an 7.5 KW induction 
motor. All the power converters (dc-dc converters and 
inverter) operate according to pulse width modulation (PWM) 
principle. 
 
B. Modeling of the DC source subsystem 
From Fig.1 applying Kirchhoff laws one gets the 
following bilinear switching model of the subsystem 
consisting of a fuel cell source, a supercapacitor and two dc-
dc power converters [4]. 
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Where u23 is the only control input variable of the buck-boost 
converter defined as follow: 
 3223 )1()1( ukuku −+−=        (2) 
where k being a binary variable: 1=k  in boost mode and 
0=k  in buck mode. 
C. Modeling of the inverter-motor association 
In a rotating frame d and q-axis, the induction motor 
model is described [7]: 
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where isd, isq, φrd, φrq, vsd, vsq, Ω, Tl, du , qu and ωs 
respectively denote the stator currents, the rotor fluxes, the 
stator voltage inputs, the angular speed, the load torque, the 
controls of the inverter  and the stator frequency. The 
subscripts s and r refer to the stator and rotor. The 
parameters: 
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where Rr is the rotor resistances, Ls and Lr are the self-
inductances of the stator and the rotor, respectively, Msr the 
mutual inductance between the stator and rotor windings, p 
the number of pole-pair, J the inertia of the system (motor and 
load) and fv the viscous damping coefficient. 
Applying a PIPO (Power in equal to Power Out) principle to 
the inverter one gets: 
sqsqsdsddc viviiv +=0         (5) 
which gives, using (3f): 
sqqsdd iuiui +=0        (6) 
Combining (1), (2), (3) and (5), and using averaging 
technique [11], the nonlinear averaged model of the whole 
system is obtained as follows (it is of ninth order) 
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Fig.1: Power stage circuit of hybrid electric vehicle. 
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The control variables are µ1, µ23, µsd and µsq. whereas the 
output variables are x2, x3, x7 and x9. 
The average values x1 to x9 represent the average values, 
respectively, of fci , dcv , sci , scv , sdi , qi , rdφ , rqφ and Ω . 
It is worth noting that variables averaging are performed over 
switching periods. Consequently, the quantities 1µ and 23µ  , 
commonly called duty ratios, vary continuously in the 
interval ]10[  and act as the input control signals of dc-dc 
power converters. Also, the averaged values dµ and qµ
represent the input control signals of the inverter.  
III. CONTROL DESIGN AND ANALYSIS 
A. Control objectives 
In order to define the control strategy, first one has to 
establish the control objectives, which can be formulated as 
follows: 
 
a) Tight regulation of dc-bus voltage; 
b) Perfect tracking of SC current to its reference 
signal; 
c) Perfect tracking of rotor speed to its reference 
profile.   
The SC current reference is elaborated by energy 
management system accordingly to dynamic requirement and 
FC constraints, as pointed in the introduction. 
B.  Controller design for DC-DC power converters.  
The first control objective is to enforce the dc bus voltage 
vdc to track a given constant reference signal VVdcref 750= . 
However, it is well known that the boost converter has a non-
minimum phase feature [10]. Such an issue is generally dealt 
with by resorting to an indirect design strategy. More 
specifically, the objective is to enforce the input inductor 
current ifc to track a reference signal, say Ifcref. The latter is 
chosen so that if (in steady state) fcreffc Ii =  then 
dcrefdc Vv = , where fcdcref vV > . It follows from power 
conservation consideration, also called PIPO (Power Input 
equals Power Output), that Ifcref is related to Vdcref by the 
relationship 
fcscrefscodcreffcref vIviVI /)(1 −= λ       (8) 
where λ≥1 being an ideality factor introduced to take into 
account all losses: switching losses in the converters; the 
losses in the inductances ESR R1 and R2; the losses in the SC 
resistance Rsc. 
In order to deal with the two first control objectives, the 
following errors are introduced 
fcrefIxe −= 11          (9a) 
dxxe 222 −=              (9b) 
screfIxe −= 33                 (9c) 
To stabilize the dc-dc power converters with the state vector 
( 1e , 2e , 3e ), the following control laws are proposed [4]: 
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where dx2 is the desired value of the dc bus voltage 2x and 
its dynamic is proposed as follows 
12265323112 )()1(
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C
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Indeed, with these control laws the dynamics of the errors can 
be obtained as follows:  
2111 eece +−=                  (11a) 
1222 eece −−=             (11b) 
333 ece −=                   (11c) 
The stability of the closed loop system with the state errors (
1e , 2e , 3e ) will be investigated in  Subsection III-d. 
C. Controller design for the inverter-motor: 
The flux field oriented control strategy consists on 
controlling the rotor flux by sdi current and the electric torque 
by sqi current. This is possible if 0=rqφ  . It is accomplished 
by realizing:  
sqi
rd
srMaps φ
ω +Ω=          (12a) 
Indeed, using (3d) and (12a) one gets rq
rq a
dt
d
φ
φ
−= therefore 
rqφ  is exponentially vanishing. Therefore, one can suppose 
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0== rq
rq
dt
d
φ
φ
            (12b) 
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The controller design is performed in two steps using the 
backstepping technique [8]: 
Step1: 
First, we introduce the following tracking errors  
rdxe φ−= 74          (13a) 
dxe Ω−= 95          (13b) 
where  rdφ  and dΩ are the reference signals of the rotor flux 
and rotor speed, respectively 
Deriving (13a-b), it follows from (7g), (7i) and (12a) that: 
rdsr xaMaxe φ −+−= 564          (14a) 
d
l
J
Tcxxmxe Ω−−−=  8765         (14b) 
which suggest the following stabilizing functions  
)(1 6445 rd
sr
d axecaM
x φ++−=          (15a) 
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Considering the following intermediates errors   
dxxe 556 −=            (16a)  
dxxe 667 −=            (16b) 
One gets, using (7e) and (7f), the following error dynamics 
6444 eaMece sr+−=         (17a) 
77555 emxece +−=           (17b) 
Step2: 
The objective now is to enforce the error variables 
),,,( 7654 eeee to vanish. To this end, let us first determine the 
dynamics of 6e and 7e . Deriving (16a) and (16b) and using 
(7e) and (7f) one obtains 
dsds xxmxxbaxe 5315466  −++−= µωγ      (18a) 
dsqs xxmxxbpxe 6314567  −+−−= µωγ         (18b) 
 The latest equations immediately suggest the following 
control laws sdµ and sqµ   
( )dsrssd xeaMxxbaxecxm 645466631
1 +−−+−−= ωγµ  
(19a) 
( )dssq xemxxxbpxecxm 5574567731
1 +−++−−= ωγµ  (19b) 
Finally, combining (18a-b) and (19a-b) one gets 
4666 eaMece sr−−=             (20a)  
 57777 emxece −−=             (20b) 
D. Closed loop stability analysis: 
We are now ready to analyze the stability of the whole 
closed loop system with the state vector error
Teeeeeeee ),,,,,,( 7654321= . To this end the dynamics of all 
errors involved in the control laws (10a-b) and (19a-b) are 
summarized in the following equations 
 2111 eece +−=           (21a) 
1222 eece −−=          (21b) 
6444 eaMece sr+−=        (21c) 
77555 emxece +−=        (21d) 
4666 eaMece sr−−=        (21e) 
57777 emxece −−=         (21f) 
Consider the following Lyapunov function candidate  
eeV T
2
1
=             (22) 
Its time-derivative along the trajectories (21a-f) gives   
∑
=
−=
7
1
2
i
iiecV          (23) 
which clearly shows that the equilibrium e=0 is globally 
asymptotically stable [9]. The main results of this paper are 
now summarized in the following proposition: 
Proposition. Consider the closed-loop system consisting of 
the power stage of a hybrid electric vehicle represented by 
(7a-i), (12a) and the controller composed of the control laws 
(10a-b) and (19a-b). Then, one has: 
i) The closed loop system is GAS. 
ii) The error 1e  converges to zero implying tight dc bus 
voltage regulation. 
iii) The error  3e  converges to zero implying perfect 
tracking of SC current isc to its reference iscref,   
iv) The error  5e  converge to zero implying that the rotor 
speed perfectly tracks its reference  dΩ   
Proof.  
i) From (22) and (23) one has V positive definite and 
V negative definite which implies that thee 
equilibrium e=0 of the closed loop system with the 
state vector e  is globally asymptotically stable 
(GAS). 
ii) Equation (23) can be rewritten as follows:  
VV β2−≤ , where )(min ii
c=β . Hence, V vanishes 
exponentially fast, which in turn means, using (22), 
that the vector error e is exponentially vanishing. The 
vanishing of the error 1e  implies, using (9a) and (8), 
that the error dVx −2  convergence to zero. This, 
indeed, implies the tight dc bus voltage regulation.  
iii) The vanishing of the error 3e implies, using (16), that 
the SC current isc perfectly tracks its reference iscref. 
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iv) The vanishing of the error 5e implies, using (13b), 
that the rotor speed Ω perfectly tracks its reference
dΩ . 
This ends the proof of Proposition  
The next Section is devoted to the validation of the controller 
performances. 
 
IV. SIMULATION RESULTS: 
The performances of the proposed nonlinear control design 
are illustrated through simulations. The controlled system is 
simulated with the parameter characteristics listed in Table I. 
TABLE I: SYSTEM PARAMETERS 
Element Its characteristics 
Fuel cell 12.5 kW PEMFC, Vfcmax=900V, Ifcmax=70A 
Inductances L1 and L2 4.2 mH 
Inductances ESR: R1 and R2 4.2 mΩ 
Supercapapcitor, Csc  900F 
Supercapacitor ESR : Rsc  0.144Ω 
PWM switching frequency 10 KHz 
The traction motor is an induction motor of 7.5kW with the 
characteristics summarized in Table II. The design parameters 
are fixed as in Table III. These parameters have been selected 
using a ‘trial-and-error’ search method and proved to be 
suitable. 
 
TABLE II: NUMERICAL VALUES OF CONSIDERED MOTOR CHARACTERISTICS. 
Characteristic Symbol Value 
Nominal power PN 7.5 kW 
Nominal flux Frn 1 Wb 
Nominal voltage Usn 0.6 V 
Stator resistance Rs 0.6 Ω 
Rotor resistance Rr 0.5 Ω 
Number of pole pairs p 2 
stator self inductance Ls 98.3 mH 
rotor self inductance Lr 90 mH 
Mutual inductance between 
the stator and rotor windings 
Msr 90 mH 
 
TABLE III: CONTROLLER DESIGN PARAMETERS 
Parameter Value 
c1 105 
c2 102 
c3 102 
Ideality factor λ 1.0004 
 
The DC-link voltage reference is set to the constant value      
Vdcref = 750V. The reference value Iscref  is set to -15A.  
The simulations are carried out with following scenario: 
- The rotor speed reference is linearly increasing 
between 0 and 1s (starting mode) (see Fig.3). 
- The rotor speed reference is set constant 
sradd /90=Ω  between 1s and 3s (see Fig.3). 
- At time 2s a load torque is step changing between 
30Nm and 60Nm (presence of a slope in the road).  
(see Fig.3). 
- After time 3s the rotor speed reference is linearly 
decreasing (decelerating mode). (See Fig.3). 
 
Fig. 2 shows that the DC voltage vdc is perfectly regulated to 
its reference Vdcref = 750V. Fig. 3 illustrates that the SC 
current isc perfectly tracks its reference Iscref=-15V. This figure 
also shows that the SC voltage vsc is increasing (charging 
mode). Fig. 4 illustrate that the rotor speed is regulated to its 
reference despite the load torque variations. 
Finally, Fig.5 and Fig.6 illustrate the control input signals of 
the dc-dc power converters and the inverter, respectively. 
 
V. CONCLUSION 
The problem of controlling the electric power stage of an 
electric vehicle combining a hybrid energy storage system 
and an induction motor has been dressed. The whole system 
dynamic have been described by the averaged ninth order 
nonlinear state-space model (7a-i). Based on such a model, 
the multi-loops nonlinear controller defined by (10a-b) and 
(19a-b) is designed and analyzed using the Lyapunov 
approach and the backstepping technique. It is formally 
proven, using theoretical analysis and simulations results, that 
the proposed controller achieves all the objectives for which it 
has been designed for: (i) a tight speed regulation in spite of 
load torque variations; (ii) a good regulation of the DC Link 
voltage; and (iii) a perfect tracking of SC current to its 
reference. This result is confirmed by simulation. 
 
 
Fig. 2.  DC bus voltage and load current in presence of a step voltage 
refernce  VVdcref 750= ,  rotor speed reference variations and load torque 
step changes. 
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Fig.3: The SC signals in presence of step current refernce  AI scref 15−= ,   
 
Fig.4: Motor speed tracking capabilies in presence of load torque step 
changes 
 
Fig. 5: dc-dc power converters input signals 1µ and 23µ  in presence of 
rotor speed reference variations and load torque step changes. 
 
Fig.6: inverter input signals in d-q axis: sdµ and sqµ . 
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